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where ρ̂ml is in the reconstruction space, but the maxi-
mum could be taken over all states.
The joint probability of finding the state ρ in the region

R and obtaining the data D is then

prob(D ∧R) =

∫

R

(dρ)L(D|ρ) . (11)

If R = R0, we have the prior likelihood L(D),

prob(D ∧R0) = L(D) =

∫

R0

(dρ)L(D|ρ) . (12)

Since one of the click sequences is surely observed, the
likelihoods of Eqs. (9) and (12) have unit sum,

∑

D

L(D|ρ) =
∑

n1,...,nK

N ! δN,n1+n2+···+nK

n1!n2! · · · nK !
pn1

1 pn2

2 · · · pnK

K

= (p1 + p2 + · · ·+ pK)N = 1 ,
∑

D

L(D) =

∫

R0

(dρ) = 1 . (13)

We factor the joint probability prob(D ∧ R) in two
different ways,

prob(D ∧R) = L(D|R)SR = CR(D)L(D) , (14)

and so identify the region likelihood L(D|R) and the cred-
ibility CR(D). Both quantities are conditional probabili-
ties: The region likelihood is the probability of obtaining
the data D if the state is in the region R; the credibility
is the probability that the actual state is in the region R
if the data D were obtained—the posterior probability of
R.

III. OPTIMAL ERROR REGIONS

A. Maximum-likelihood regions

Instead of looking for the MLE, the single point in the
reconstruction space that has the largest likelihood for
the given data D, we desire a region with the largest
likelihood—the MLR. For this purpose, we maximize the
region likelihood L(D|R) under the constraint that only
regions with a pre-chosen size s participate in the com-
petition, with 0 < s < 1; an unconstrained maximization
of L(D|R) is not meaningful because it gives the limiting
region that consists of nothing but the point ρ̂ml. The re-
sulting MLR R̂ml is a function of the data D and the size
s, but we wish to not overload the notation and will keep
these dependences implicit, just like the notation does
not explictly indicate the D dependence of the MLE ρ̂ml.
The MLR analog of the MLE definition in Eq. (10) is

then

max
R⊆R0

L(D|R) = L(D|R̂ml) with SR = s . (15)

·
·

R
R+ δR

ρ

−→
dA(ρ)

−→
δε(ρ)

FIG. 1: Infinitesimal variation of region R. The boundary of
region R (solid line) is deformed to become the boundary of
region R+ δR (dashed line).

Since all competing regions have the same size, we can
equivalently maximize the joint probability,

max
R⊆R0

prob(D ∧R) = prob(D ∧ R̂ml) with SR = s .

(16)
The answer to this maximization problem is given in
Corollary 4 of Ref. [8] and justified by a detailed proof
of considerable mathematical sophistication. We proceed
to offer an alternative argument that is perhaps more ac-
cessible to the working physicist.
Owing to the maximum property of the MLR and its

fixed size, both prob(D ∧R) and SR must be stationary
under infinitesimal variations δR of the region R. Such
an infinitesimal variation is achieved by deforming the
boundary ∂R of the region, as illustrated in Fig. 1. The
resulting change in the size SR vanishes for all permissi-
ble deformations,

δSR =

∫

∂R

−→
dA(ρ) ·

−→
δε(ρ) = 0 . (17)

Here,
−→
dA(ρ) is the vectorial surface element of the bound-

ary ∂R at point ρ in the reconstruction space, and
−→
δε(ρ)

is the infinitesimal displacement of the point ρ that de-
forms R into R+ δR.
The corresponding change in prob(D ∧R) is

δprob(D ∧R) =

∫

∂R

−→
dA(ρ) ·

−→
δε(ρ)L(D|ρ) = 0 , (18)

which attains the indicated value of 0 at the extremum
R = R̂ml. If we have the situation sketched in the top-
left plot of Fig. 2, where R̂ml is completely in the inte-
rior of the reconstruction space, both Eqs. (17) and (18)
must hold simultaneously for arbitrary infinitesimal de-
formation δR. This is possible only if the point likelihood
L(D|ρ) is constant on the boundary ∂R̂ml of R̂ml, that is:
∂R̂ml is an iso-likelihood surface (ILS). Furthermore, R̂ml

must correspond to the interior of this ILS (as opposed
to its complement in the reconstruction space), since the
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R̂ml

∂R̂ml

∂R0

R̂ml

∂R̂ml

∂R0

FIG. 2: MLRs of two kinds. In the top-left sketch, R̂ml is
completely contained inside the reconstruction space; in the
bottom-right sketch, the boundary ∂R̂ml of R̂ml contains a
part of the surface ∂R0 of the reconstruction space. Dot-
ted lines indicate iso-likelihood surfaces, that is: surfaces on
which the point likelihood is constant.

concavity of the logarithm of the point likelihood implies
that the interior necessarily has larger likelihood values
than its complement [21].

If the boundary ∂R̂ml of R̂ml contains a part of the
surface ∂R0 of the reconstruction space, which is the sit-
uation on the bottom-right in Fig. 2, all interior points
on ∂R̂ml must still lie on an ILS, or else we can always
deform ∂R̂ml to attain a larger value of the region like-

lihood with a permissible choice of
−→
δε(ρ). On the ∂R0

part of ∂R̂ml, the point likelihood L(D|ρ) has larger val-
ues than the constant value on the interior part of the
boundary, because ILSs that are inside R̂ml (dashed in
Fig. 2) and have endpoints in ∂R0 assign their larger
likelihood values to these points. Therefore, deforming
the ∂R0 part of ∂R̂ml inwards, with the change in size
compensated for by an outwards deformation of the in-
terior part of ∂R̂ml, decreases the value of the region
likelihood. And since outwards deformations of ∂R0 are
not possible, a region with an ILS as interior part of the
boundary, supplemented by a part of ∂R0, is a possible
MLR, indeed.

In summary, the MLRs of various sizes s consist of
all states ρ for which the point likelihood L(D|ρ) ex-
ceeds a certain threshold value, with higher thresholds
for smaller sizes. Quite remarkably and somewhat sur-
prisingly, the set of MLRs does not depend on the chosen
prior. The shape of a MLR is fully determined by the
point likelihood and the threshold value; the prior enters

only when the size, region likelihood, and credibility of
the MLR are calculated.
It is expedient to specify the threshold value as a frac-

tion of the maximum value L(D|ρ̂ml) of the point like-
lihood. Denoting this fraction by λ, the characteristic
function of the corresponding bounded-likelihood region
(BLR) Rλ is the step function

ηRλ
(ρ) = η

(
L(D|ρ)− λL(D|ρ̂ml)

)
, (19)

where

ηR(ρ) =

{
1 if ρ is in R
0 else

(20)

is the characteristic function of region R. BLRs have
appeared previously in standard statistical analysis; see
Ref. [22] and references therein.
The BLR Rλ has the size

sλ =

∫

R0

(dρ) ηRλ
(ρ) , (21)

and we have Rλ = R0 and sλ = s0 = 1 for λ ≤ λ0 with
λ0 ≥ 0 given by

min
ρ

L(D|ρ) = λ0 L(D|ρ̂ml) . (22)

As λ increases from λ0 to 1, sλ decreases monotonically
from 1 to 0. The size s specified in Eq. (15) is obtained
for an intermediate λ value, and the corresponding BLR
is the looked-for MLR.
The MLE is contained in all MLRs. In the s → 0 limit,

the MLR becomes an infinitesimal vicinity of the MLE
and the region likelihood of the limit region is equal to
the point likelihood of the MLE, L(D|R̂ml) → L(D|ρ̂ml).

B. Smallest credible regions

The MLR is the region for which the observed data are
particularly likely. With a reversal of emphasis, we now
look for a region that contains the actual state with high
probability. Ultimately, this is the SCR R̂sc: the smallest
region for which the credibility has the pre-chosen value c.
For the given D, the optimization problem

min
R⊆R0

SR = SR̂sc
with CR(D) = c (23)

is dual to that of Eqs. (15) and (16). Here we minimize
the size for given joint probability, there we maximize
the joint probability for given size. It follows that the
BLRs of Eq. (19) are not only the MLRs, they are also
the SCRs: Each MLR is a SCR, each SCR is a MLR.
The BLR Rλ has the credibility

cλ =
1

L(D)

∫

R0

(dρ) ηRλ
(ρ)L(D|ρ) , (24)

which, just like sλ, decreases monotonically from 1 to 0
as λ increases from λ0 to 1. The credibility c specified in
Eq. (23) is obtained for an intermediate value, and the
corresponding BLR is the looked-for SCR.



From	
  :Zavasa	
  A,	
  Viciani	
  S	
  and	
  Bellini	
  M	
  2004	
  Science	
  306,	
  660	
  
	
  S.	
  N.	
  Filippov,	
  et	
  al.	
  ,	
  Single	
  photon-­‐added	
  coherent	
  states:	
  es*ma*on	
  of	
  parameters	
  and	
  
fidelity	
  of	
  the	
  op*cal	
  homodyne	
  detec*on	
  	
  arXiv:1301.2084	
  	
  
	
  

M.	
  Bellini	
  Single	
  photon-­‐added	
  coherent	
  states	
  

Homodynní	
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Extremální	
  stavy	
  na	
  hranici	
  mohou	
  být	
  určeny	
  s	
  menšími	
  nároky	
  na	
  	
  kvantové	
  měření	
  
	
  než	
  	
  by	
  v	
  případě	
  obecné	
  tomografie	
  	
  pro	
  spojité	
  proměnné.	
  	
  Měření	
  fotopulzní	
  sta*s*ky	
  	
  
a	
  stlačení	
  by	
  mohlo	
  být	
  využito	
  k	
  charakterizaci	
  symetrických	
  stavů	
  Schroedingerovy	
  kočky	
  	
  
nebo	
  superpozice	
  stavů	
  s	
  přidaným	
  fotonem	
  (photon	
  added	
  coherent	
  states)	
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Kvantové	
   sensory	
   mohou	
   dosahovat	
  
vysoké	
   citlivos*	
   ve	
   srovnání	
   s	
   klasickými.	
  
Pro	
   tento	
   účel	
   byla	
   navržena	
   technika	
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  postselekci	
  a	
  slabé	
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Wea k -­‐ V a l u e	
   Amp l i fi c a*on ) .	
   P ř i	
  
objek*vním	
   porovnání	
   se	
   ale	
   výhody	
  
ztrácí.	
   Pokud	
   je	
   využito	
   jako	
   míry	
  
Fisherovy	
   informace	
   tak	
   se	
   ukazuje,	
   že	
  
„zesílené“	
   posunuj	
   	
   neposkytuje	
   žádné	
  
metrologické	
   zlepšení,	
   což	
   je	
   přímý	
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detekovaného	
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Příspěvek	
  prezentoval	
  experimentální	
  
výsledky	
  pro	
  úplnou	
  charakterizaci	
  
provázanos*	
  pro	
  stavy	
  typu	
  dvou	
  
qutritů	
  ,	
  které	
  byly	
  generovány	
  
s	
  využijm	
  parametrické	
  konverze	
  a	
  
průchodem	
  přes	
  troj-­‐štěrbinu.	
  	
  
Provázanost	
  byla	
  dokázána	
  s	
  pomocí	
  
detekce	
  tzv	
  „wisness“	
  operátorů.	
  
Op*cká	
  implementace	
  byla	
  provedena	
  
s	
  pomocí	
  prostorových	
  modulátorů	
  
světla	
  a	
  polarizačních	
  děličů	
  svazku.	
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paths attenuated. The obtained value is φe = 0.922 rad.

ρ̂Re
tom =





0.04 −0.02 0.01 0.00 0.03 −0.01 0.02 −0.03 0.01
−0.02 0.02 0.00 0.01 −0.01 0.00 −0.01 0.00 −0.02
0.01 0.00 0.18 0.01 0.18 0.03 0.21 0.04 0.00
0.00 0.01 0.01 0.04 0.01 0.00 0.05 0.01 −0.01
0.03 −0.01 0.18 0.01 0.24 0.03 0.18 0.03 0.01

−0.01 0.00 0.03 0.00 0.03 0.02 0.04 0.03 0.01
0.02 −0.01 0.21 0.05 0.18 0.04 0.34 0.05 0.02

−0.03 0.00 0.04 0.01 0.03 0.03 0.05 0.10 0.03
0.01 −0.02 0.00 −0.01 0.01 0.01 0.02 0.03 0.03





, (5)

ρ̂Im
tom =





0.00 0.00 0.00 −0.03 −0.01 0.00 −0.04 −0.02 −0.01
0.00 0.00 −0.01 0.02 0.00 0.01 0.02 0.02 0.01
0.00 0.01 0.00 0.00 0.09 0.00 −0.09 0.00 −0.01
0.03 −0.02 0.00 0.00 0.03 0.01 0.02 −0.02 0.02
0.01 0.00 −0.09 −0.03 0.00 −0.02 −0.22 −0.03 −0.01
0.00 −0.01 0.00 −0.01 0.02 0.00 −0.02 0.02 0.01
0.04 −0.02 0.09 −0.02 0.22 0.02 0.00 0.00 0.02
0.02 −0.02 0.00 0.02 0.03 −0.02 0.00 0.00 0.00
0.01 −0.01 0.01 −0.02 0.01 −0.01 −0.02 0.00 0.00





. (6)

With the correct gray scales at the SLM, that give us the de-
sired attenuations and phases, we are able to implement the 81
measurement operators {#i,j } and we obtain the tomographic
reconstruction of the state. Signal and idler detectors were
kept at x = 0 in all measurements needed for the tomography
reconstruction of the density operator. Figure 3(a) shows the
different paths from the slits to the detector signal or idler
(r0 = r2 "= r1). In Fig. 3(b) the middle slit is blocked and
the relative phase between the different photon paths is zero.
In Fig. 3(c) the lower slit is blocked. In this case a relative
phase appears between the remaining paths φe = 2π

λ
(r0 − r1)

FIG. 3. (Color online) Extra phase gained by photons signal or
idler to the different path length from each slit to the detectors (r0 =
r2 "= r1). In (a) we see the possible paths which a photon can take from
each slit. Attenuating the middle slit, as it is shown in (b), means that
the path phase gained by the photon is the same by passing through the
upper or the lower slit, and this does not affect any possible operator
implementation. In (c) the lower slit is blocked and photons that
cross the remaining slits will have different path phases. In this case,
this extra phase has to be considered in the measurement operator
implementation.

(e = i,s). The density operator is written in the two-qutrit log-
ical bases, i.e., {|00〉,|01〉,|02〉,|10〉,|11〉,|12〉,|20〉,|21〉,|22〉}
basis. Measurements were taken in an acquisition time of
1500 s. The real and imaginary parts of the obtained density
operator (ρtom = ρRe

tom + iρIm
tom) are showed in Eqs. (5) and (6).

Moreover, Figs. 4 and 5 show the histograms of the real and
imaginary parts of the density operator obtained. The peaks
that appear in the histogram of the imaginary part may be due
to the Gouy phase, a differing phase that modes of different
order pick up on propagation. This longitudinal phase appears
because of a nonoptimal position between the Fourier lenses
(Ls1,Li1) and the detectors. Similar behavior was observed
in [38].

FIG. 4. (Color online) Real part of the density operator measured
for a two-qutrit state.
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Fyzikální	
   parametry	
  mohou	
  být	
   odhadnuty	
   s	
   limitní	
   neurčitosj,	
  
která	
   je	
   dána	
   Fisherovou	
   informací.	
   	
   Její	
   učení	
   pro	
   systémy	
   za	
  
přítomnos*	
   šumů	
   je	
   objžné.	
   Vztah	
   pro	
   	
   Fisherovu	
   informaci	
  
může	
  být	
  vyvovozen	
  z	
  variačního	
  principu	
  s	
  využijm	
  konkrétního	
  
modelu	
  pro	
  popis	
  šumu.	
  Jako	
  příklady	
  mohou	
  sloužit	
  es*mátory	
  
dosahující	
  této	
  přesnos*	
  pro	
  určení	
  fázového	
  posuvu	
  pro	
  případ	
  	
  
difuze	
  fáze.	
  	
  	
  
	
  	
  

pkðxÞ ¼ Tr½!̂ðxÞÊk%. Here, pkðxÞ is the probability of
obtaining the set of experimental results k given that the
parameter value is x. This variance may be considered a
merit quantifier for the estimation as a function of x.
For any unbiased estimation (i.e., hxesti ¼ x), the statistical
uncertainty is limited by the Cramér-Rao bound [6,7]. For
an experiment with " repetitions, this bound is given by

#x & 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
"FðxÞ

p
, where FðxÞ ¼ P

kpkðxÞ½d ln½pkðxÞ%=dx%2
is the FI. Under very general assumptions [5–7], it can
be shown that it is possible to saturate the Cramér-Rao
bound, at least in the asymptotic regime (" ! 1).

The QFI is defined by the maximum of the FI over all
possible measurement strategies allowed by quantum
physics:

F Q½!̂ðxÞ% ¼ max
fÊkg

F½!̂ðxÞ; fÊkg%: (1)

The respective quantum version of the Cramér-Rao in-

equality [16], #x & 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"F QðxÞ

q
, settles, therefore, a limit

to the statistical uncertainty that cannot be overcome by
any strategy of estimation, for a given physical process and
quantum probe.

If the transformed probe state is pure, !̂ðxÞ ¼
jc ðxÞihc ðxÞj, the correspondent expression of the QFI is
[1–3,17]:

F Q½!̂ðxÞ% ¼ 4
"
dhc ðxÞj

dx

djc ðxÞi
dx

'
########
dhc ðxÞj

dx
jc ðxÞi

########
2
$
:

(2)

If the state !̂ðxÞ is not pure, the SLD approach does not
lead in general to such a simple analytical expression. On
the other hand, it is always possible to enlarge the size of
the original Hilbert space S and build a pure state j!S;EðxÞi
in the enlarged space Sþ E that fulfills the condition
TrE!̂S;EðxÞ ¼ !̂SðxÞ, where !̂S;EðxÞ ¼ j!S;EðxÞih!S;EðxÞj,
and the trace is taken only on the E-Hilbert space [12].
We have added the label S to the state !̂ðxÞ of the system, in
order to distinguish it from states in space Sþ E. The state
j!S;EðxÞi is called a purification of !̂SðxÞ and the space E
may be interpreted as the Hilbert space corresponding to an
environment for system S.

Because taking the trace over E may be viewed as
discarding information on part of the total space Sþ E, a
physically motivated upper bound CQ ofF Q½!̂SðxÞ% can be
obtained:

CQ½!̂S;EðxÞ% ) F Q½!̂S;EðxÞ% & F Q½!̂SðxÞ%; (3)

this inequality being valid for any purification of !̂SðxÞ.
Physically, this is due to the fact that when a system plus
an environment are monitored together, the information
obtained about an unknown parameter cannot be smaller
than the information acquired when only the system is
measured. Since CQ depends on the purification chosen,
the best upper bound that can be obtained with this strategy

is given by the minimum of CQ over all possible purifica-
tions of !̂SðxÞ. In the supplementary material of Ref. [10],
it is shown that this minimization can be performed on
the restricted set of all purifications of !̂SðxÞ belonging to
a given space Sþ E, as long as the dimension of E is at
least equal to the dimension of S, with this minimum being
equal to the QFI:

F Q½!̂SðxÞ% ) min
fj!S;EðxÞig

CQ½!̂S;EðxÞ%: (4)

The minimization of CQ.—It is possible to determine the
value of QFI by minimizing the upper bound CQ over all
purifications of !̂SðxÞ in a given enlarged state space Sþ E
[10]. This is, in general, a challenging task and a concrete
prescription to do it would be welcome [18]. In the follow-
ing we present such a prescription. Our procedure starts
by establishing a relation between all purifications in a
given space Sþ E. As shown in Ref. [12], there is always
a unitary operator ûEðxÞ, acting effectively only on the E
space, that connects two purifications j"S;EðxÞi and
j!S;EðxÞi of the same state !̂SðxÞ:

j"S;EðxÞi ¼ ûEðxÞj!S;EðxÞi; (5)

where ûEðxÞ is a shorthand for the operator ûEðxÞ * ÎS,
and ÎS is the identity operator on space S. Therefore, given
a purification j!S;EðxÞi, the QFI may be found by mini-

mizing CQ½ûEðxÞ!̂S;EðxÞûyEðxÞ% over all unitary operators
on E space. The physical role of ûEðxÞ is to erase all
nonredundant information about the parameter x that has
been leaked from space S into the larger space Sþ E.
It will be useful to define a Hermitian operator ĥEðxÞ,

which acts effectively only in the E space, by

ĥ EðxÞ ¼ i
dûyEðxÞ
dx

ûEðxÞ; (6)

and another Hermitian operator ĤS;EðxÞ, which acts in the
whole Sþ E space, by

i
dj!S;EðxÞi

dx
¼ ĤS;EðxÞj!S;EðxÞi: (7)

Using the definitions above, we may write CQ as

CQ ¼ 4h½Ĥ ðxÞ ' hĤ ðxÞi!%2i!; (8)

where Ĥ ðxÞ ¼ ĤS;EðxÞ ' ĥEðxÞ, and the averages are
taken over j!S;EðxÞi. From Eq. (8), we conclude that the
minimization of CQ over all unitary operators ûEðxÞ is
equivalent to the minimization of CQ over all Hermitian

operators ĥEðxÞ that act on E space. This minimization is
a mathematical optimization problem in positive semide-
finite quadratic programming, which can be efficiently
solved numerically [19], since the operator ĥEðxÞ appears
as a quadratic function in CQ. Thereupon, it is possible
to find an equation for the optimum Hermitian operator
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