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Motivation

Seek for computable meaningful Gaussian entanglement measure

Classical mutual information of a Gaussian state

Ic(ρ
G
AB) = sup

ΓA,ΓB

1

2

{
ln

[
det(γA + ΓA)det(γB + ΓB)

det(γAB + ΓA ⊕ ΓB)

]}

(L. Mista Jr et al., Phys. Rev. A 83, 042325 (2011))

Renyi-2 measures of Gaussian quantum correlations

(G. Adesso et al., Phys. Rev. Lett. 109, 190502 (2012))

We took a different route ...



Secret key agreement
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Eve
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public communication

Eve

• A, B, E obey P (A,B,E)
• Alice and Bob want a secret key
• They can use local operations and public communication

(LOPC) PC - Eve hears messages but cannot tamper them

(U. Maurer, IEEE Trans. Inf. Theory 39, 733 (1993))



Intrinsic information

I (A : B ↓ E) := inf
E→Ẽ

[I (A : B|E)]

I (A;B|E) - conditional mutual information; minimum over
P
(
Ẽ|E

)
(U. Maurer and S. Wolf, IEEE Trans. Inf. Theory 45, 499 (1999))

S (A;B‖E) ≤ I (A : B ↓ E) ≤ Iform (A;B|E)

S (A;B‖E)-secret key rate; Iform (A;B|E)-information of
formation

I (A : B ↓ E) > 0 ⇒ no LOPC prepartion of P -secret correlations



Entanglement can be mapped onto secret correlations!

ρAB → |Ψ〉ABE → P (A,B,E) = Tr(ΠA ⊗ΠB ⊗ΠE|Ψ〉ABE〈Ψ|)

ρAB is entangled ⇔ I (A : B ↓ E) > 0

P can inherit more properties of ρAB!

Bound entanglement → bound information

(A. Aćın et al., Phys. Rev. Lett. 92, 107903 (2004))

Can we preserve also quantitative properties of states?



Classical measure of entanglement

E↓ (ρAB) := sup
ΠA,ΠB

inf
ΠE,|Ψ〉

[I (A;B ↓ E)]

• Vanishes on separable states

• Equal to von Neumann entropy on pure states

• Computed for Werner state (hard otherwise)

(N. Gisin and S. Wolf, Proceedings of CRYPTO 2000, 482 (2000))



Gaussian intrinsic entanglement (GIE)

ρAB – (N +M)-mode Gaussian state with CM γAB

|Ψ〉ABE – Gaussian purification with CM γπ =

(
γAB γABE
γTABE γE

)

ΠA,B,E – Gaussian measurements with outcomes dA, dB, dE
and CMs ΓA,B,E

E → Ẽ – Gaussian channel with Gaussian distribution P (d̃E|dE)
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E↓ simplifies in Gaussian scenario

P (dA, dB, dE) – Gaussian with CM γπ + ΓA ⊕ ΓB ⊕ ΓE

I (A : B|E) = 〈I (A : B|E = e)〉 = I (A : B|E = e) = Icond (A : B)

Mutual information of P (dA, dB|dE) with CM

σAB = ΓA ⊕ ΓB + γAB − γABE
1

γE + ΓE
γTABE

⇓

I (A : B|E) = 1
2 ln

(
detσAdetσB

detσAB

)

(I. M. Gelfand and A. M. Yaglom, Usp. Mat. Nauk 12, 3 (1957))



E → Ẽ described by P (d̃E|dE) ∝ e−(d̃E−XdE)TY −1(d̃E−XdE),

σ̃AB = ΓA ⊕ ΓB + γAB − γABEXT
[
X(γE + ΓE)XT + Y

]−1
XγTABE

= SVD,blockwise inversion, some algebra

= ΓA ⊕ ΓB + γAB − γABE(γE + Γ̃E)−1γTABE, Γ̃E −CM.

⇓

E → Ẽ can be integrated into ΓE

Purifications |Ψ̄〉 (K modes E) and |Ψ〉 (R ≤ K modes E),

|Ψ̄〉ABE = UE|Ψ〉ABE|{0}〉ER+1...EK
,

(L. Magnin et al., Phys. Rev. A 81, 010302 (2010))

σ̄AB = . . . γ̄ABE(γ̄E + Γ̄E)−1γ̄TABE = . . . γABE(γE + ΓE)−1γTABE = σAB

⇓

For any |Ψ̄〉 and Γ̄E there is ΓE on fixed |Ψ〉 giving σ̄AB = σAB



Gaussian intrinsic entanglement (GIE)

EG↓ (ρAB) = supΓA,ΓB infΓE

[
1
2 ln

(
detσAdetσB

detσAB

)]

σAB = ΓA ⊕ ΓB + γAB − γABE
1

γE + ΓE
γTABE,

γπ can be CM of an arbitrary, e.g. minimal, purification.



GIE is faithful

Gaussian separable state ρsep
AB:

ρsep
AB =

∫
PGauss(r)D(Vr)|χA〉A〈χA| ⊗ |χB〉B〈χB|D†(Vr)dr,

(R. F. Werner and M. M. Wolf, Phys. Rev. Lett. 86, 3658 (2001))

Purification:

|Ψ̃〉ABE =
∫ √

PGauss(r)D(Vr)|χA〉A|χB〉B|r〉Edr

(|r〉E – product of position eigenvectors).

Measurement of |r′〉E → factorized state:

D(Vr′)|χA〉A|χB〉B ⇒ σAB = σA ⊕ σB ⇒ EG↓
(
ρsep
AB

)
= 0.

One can also shown that EG↓ (ρAB) = 0 ⇒ ρAB is separable.

GIE vanishes if and only if ρAB is separable



GIE for pure states

ρpure = |ψ〉AB〈ψ| → |Ψ〉ABE = |ψ〉AB|ϕ〉E ⇒ γABE = 0

⇒ σAB = γAB + ΓA ⊕ ΓB,

detσAdetσB
detσAB

maximized by double homodyning on A and B

(L. Mǐsta et al., Phys. Rev. A 83, 042325 (2011)).

EG↓ (ρpure) = ln
(√

detγA
)

γA – local CM of subsystem A.

GIE is not equal to local von Neumann entropy on pure states



Monotonicity of GIE

Gaussian local trace-preserving operations and classical

communication (GLTPOCC) M: ρAB → ρMAB

EG↓ (ρAB) = supΓA,ΓB infΓE f (γπ,ΓA,ΓB,ΓE),

f (γπ,ΓA,ΓB,ΓE) := 1
2 ln

(
detσAdetσB

detσAB

)
.

EG↓
(
ρMAB

)
= f

(
γMπ ,ΓMA ,ΓMB ,ΓME

)
,

EG↓ (ρAB) = f

(
γπ,Γ

(0)
A ,Γ(0)

B ,Γ(0)
Eρ

)
.

M can be represented by a quantum state MAinBinAoutBout
.

(A. Jamio lkowski, Rep. Math. Phys. 3, 275 (1972)).

M can be implemented by teleportation via MAinBinAoutBout
.

(J. Fiurášek, Phys. Rev. Lett. 89, 137904 (2002)).

ρMAB → |Ψ
M〉 ∝ AAin

〈{0}|BBin
〈{0}|Ψ〉ABEρ|M〉AinBinAoutBoutEM



(|M〉 purifies M , |Ψ〉 purifies ρAB)

If M is LOCC M is separable, i.e,.

MAinBinAoutBout
=
∑
i piM

(i)
AinAout

⊗M(i)
BinBout

(G. Giedke and J. I. Cirac, Phys. Rev. A 66, 032316 (2002)).

∃ measurement (CM Γ̃MEM) projecting |M〉 to

M
(i)
AinAout

⊗M(i)
BinBout

.

⇒ Independent teleportations of A and B followed by
measurements → new Gaussian measurements on ρAB with CMs
Γ′A,B (only if M(i)

AinAout
,M

(i)
BinBout

preserve the trace).

EG↓
(
ρMAB

)
≤ f

(
γMπ ,ΓMA ,ΓMB ,Γ(0)

Eρ
⊕ Γ̃MEM

)
≤ f

(
γπ,Γ

′
A,Γ

′
B,Γ

(0)
Eρ

)
≤ EG↓ (ρAB) .

GIE does not increase under GLTPOCC



GIE for CV GHZ state

γGHZABC =

 α κ κ
κ α κ
κ κ α

 ⇒ γGHZAB =

(
α κ
κ α

)

α = diag
(
e2r+2e−2r

3 , e
−2r+2e2r

3

)
, κ = diag

(
e2r−e−2r

3 ,−e
2r−e−2r

3

)
,

r ≥ 0 (squeezing parameter).

(P. van Loock and S. L. Braunstein, Phys. Rev. Lett. 84, 3482 (2000))

Numerics: Eve’s optimal measurement is homodyning of xE
σAB = γcond

AB + ΓA ⊕ ΓB, where γcond
AB is pure ⇒

detσAdetσB
detσAB

maximized by double homodyning on A and B

(L. Mǐsta et al., Phys. Rev. A 83, 042325 (2011))

EG↓
(
ρGHZAB

)
= 1

2 ln

2+e2r
x + x

e2r
4

 , x = e2r+2e−2r

3
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Comparison of the GIE EG↓ with the Gaussian entanglement of

formation EGF and the logarithmic negativity EN as a function of

squeezing r for the CV GHZ state.



Conclusion

• New faithful quantifier of Gaussian entanglement.

• Operationally associated to secret key distillation.

• Monotonicity, additivity, relation to other measures etc?


