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APPROACHES TO EFFECTIVE DYNAM-
ICS



Motivation

# Different time scales of dynamics
◦ rapidly vs. slowly evolving components with large

difference in time scales
◦ Fast variables follow adiabatically slow degrees of freedom.

(e.g. spinning top: While it is spinning at a high frequency,
the rotation axis is usually precessing much slower. )

# Simpler (and more intuitive) description
◦ smaller dimension of Hilbert space

( e.g. (3-level) Λ system→ effective 2-level system )
◦ often possible to derive simple laws for slow variables when

the scales are well separated
◦ might be useful for gaining insight into gating operation or

state engineering

# Less computational burden

Page 3



Formalisms for Effective Dynamics

# Adiabatic elimination (AE)
◦ Standard technique Gardiner & Zoller (2000)

◦ Sometimes tedious step of calculation in store

# Effective operator formalism Reiter & Sørensen (2012)

◦ Easy-to-use AE for open systems
◦ Only ground state manifold is maintained.

# Flow equation (FE) approach Kehrein (2006)

◦ Aalogous to renormalization group procedure
◦ Not yet developed for open systems

# Time average (TA) formalism Gamel & James (2010)

◦ Easy-to-use generalization of RWA
◦ Analogous to FE in sense of not eliminating excited states
◦ Developed for open systems in this work
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Comparison of Formalisms

# In view of Hilbert space transformation Kehrein (2006)
1.2 Flow Equations: Basic Ideas 3

Fig. 1.1. Schematic view of different scaling approaches: (a) Conventional scaling
methods successively reduce the high-energy cutoff ΛRG. (b) Flow equations make
the Hamiltonian successively more band-diagonal with an effective band width Λfeq

the diagonal reaching from the lowest energy E = 0 to the UV-cutoff Λ.2

The shaded off-diagonal matrix elements correspond to non-vanishing cou-
plings between these various modes. In the conventional scaling approach,
one then eliminates degrees of freedom with single-particle energies in the
interval [Λ − δΛ,Λ] by, e.g., integrating out these degrees of freedom in a
path integral framework. Thereby one finds a Hamiltonian with a reduced
cutoff ΛRG and modified coupling constants that describes the same physics
in the Hilbert space with the retained degrees of freedom [0, ΛRG], where
ΛRG = Λ − δΛ. The flow of the coupling constants is generated from the
mode elimination and generally only accessible in perturbation theory. This
leads to the scaling equations for the coupling constants upon varying ΛRG.

Let us for example consider a (renormalizable) theory with only one run-
ning dimensionless coupling g(ΛRG) and a single dimensionful parameter
which is the cutoff ΛRG. One then finds the following scaling equation

2This is a highly simplified picture since an interacting many-body Hamiltonian
cannot in general be represented as a simple matrix. However, we will see later on
that the lessons learned from this picture apply for the general case as well.

# Classification
a → Remove high
energy sector
(Renormalization
group (RG), adiabatic
elimination)
b → Narrow energy
band (Flow equation
(FE), time average)

(RG, FE→ successive
transformation)
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TIME AVERAGE FORMALISM FOR
CLOSED SYSTEMS



Time Average Formalism Gamel & James (2010)

# Time average of an operator

O(t) ≡
∫ ∞

−∞
dt′ f (t − t′)O(t′) [or O(ω) � f (ω)O(ω)]

# Gamel’s time average: f (ω) ∼ Θ(ωc − |ω |)

e±iωn t � 0, e±i(ωm+ωn)t � 0, e±i(ωm−ωn)t � e±i(ωm−ωn)t

(set ωc s.t. |ωm − ωn | < ωc < ωn for any ωm , ωn)

# Rotating wave approximation (RWA)
�⇒ Time average with sharp cutting-off

HRabi ∼ (ae−iωt
+ a†e iωt)(σ−e−iω0t

+ σ+e iω0t)
� aσ+e−i(ω−ω0)t + a†σ−e i(ω−ω0)t + aσ−e−i(ω+ω0)t + a†σ+e i(ω+ω0)t

∴ HRabi ∼ aσ+e−i(ω−ω0)t + a†σ−e i(ω−ω0)t (−→ HJC)
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Time Average Formalism (Cont’d)

# Other time average method: f (ω) ∼ exp(−ω2/ω2
c )

�⇒ smooth frequency filtering [Wang & Haw (2015)]
�⇒ The counter-rotating terms can survive but the
dynamics is now dependent on ωc .

# von Neumann equation and its solution

dρ/dt � −i[λH(t), ρ] �⇒ ρ(t) � U(t) ρ(0)U†(t)

(λ: a (real) bookkeeping paramerter (later becomes unity))
# (Unitary) Time evolution operator

U(t) ≡ Te−i
∫ t

0 H(t′)dt′ (T : time-ordering operator)

� I − iλ
∫ t

0
dt1H(t1) + (−iλ)2

∫ t

0
dt1

∫ t1

0
dt2 H(t1)H(t2) + · · ·

≡ I + λU1(t) + λ2U2(t) + · · · Page 8



Time Average Formalism (Cont’d)

# Inverse of the time evolution operator

U−1(t) � U†(t) � T̃e+i
∫ t

0 H(t′)dt′ (T̃ : anti-time-ordering operator)

� I + iλ
∫ t

0
dt1H(t1) + (iλ)2

∫ t

0
dt1

∫ t1

0
dt2 H(t2)H(t1) + · · ·

� I + λU†1 (t) + λ2U†2 (t) + · · ·

# Useful properties

U†1 � −U1 , U†2 � U2
1 −U2 , i ÛUn(t) � H(t)Un−1(t), · · ·

# Time-averaged evolution operator

ρ(t) � U(t) ρ0U†(t) �
∞∑

k�0
λk

k∑
j�0

Uk− jρ0U†j

≡
∞∑

k�0
λk Ek[ρ0] ≡ E[ρ0] (ρ0 � ρ(0), E0 � I)
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Time Average Formalism (Cont’d)

# Inverse of time-averaged evolution operator

ρ0 � E−1[ρ] ≡ F[ρ] ≡
∑

k

λkFk[ρ]

# Identity relation: F[E[ρ]] � ∑∞
k�0 λ

k ∑k
j�0 Fj[Ek− j[ρ]] � ρ

�⇒ F0 � E0 � I , F1 � −E1 , F2 � E2
1 − E2 , · · · .

# Time average of von Neumann eq.

i Û̄ρ(t) � i ÛE[ρ0] � i ÛE[F[ρ̄(t)]] � i
∞∑

k�0
λk

k∑
j�0

ÛEj[Fk− j[ρ̄(t)]]

≡
∞∑

k�0
λkLk[ρ̄(t)],
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Time Average Formalism (Cont’d)

# Time average of von Neumann eq. (Cont’d)

L0[ρ̄] � i ÛE0[F0[ρ̄]] � 0,
L1[ρ̄] � i ÛE0[F1[ρ̄]] + i ÛE1[F0[ρ̄]] � [H̄ , ρ̄],

L2[ρ̄] � HU1ρ̄ + H ρ̄U†1 − ρ̄U†1 H −U1ρ̄H,

· · ·

where AB ≡ AB − ĀB̄, Aρ̄B ≡ Aρ̄B − Āρ̄B̄.

# Master equation up to 2nd order

i Ûρ � [Heff , ρ] +
{ 1

2 (A − A†), ρ
}
+ H ρ̄U†1 −U1ρ̄H,

[ A ≡ HU1 , A† ≡ U†1 H, and Heff ≡ H +
1
2 (A + A†) ]
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Time Average Formalism (Cont’d)

# Typical form of (interaction) Hamiltonian

H � H0 +
∑

n

hn e iωn t
+ h†n e−iωn t (H0 : time-independent)

# Time-averaged master equation �⇒ Lindblad form!

i Ûρ � [H0 , ρ] +
∑
m ,n

[
lm l†n
ωn
− l†n lm

ωm
, ρ

]
+

2
ω−mn
(lmρl†n + l†nρlm)

�⇒ [Heff , ρ] +
∑
m ,n

2
ω−mn

[
Dlm ,l†n

ρ − Dl†m ,ln
ρ
]

where DA,Bρ ≡ AρB − 1
2 (ABρ + ρAB), 1

ω±mn
≡ 1

2

(
1
ωm
± 1

ωn

)
,

ln ≡ hn e iωn t , and

Heff ≡ H0 +
∑
m ,n

1
ω+

mn
[lm , l†n].
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TIME AVERAGE FORMALISM FOR
OPEN SYSTEMS



Time Average Formalism for an Open System

# Lindblad form of master equation in an open system
dρ
dt

� −i[H, ρ] +
∑

i

(
JLiρ −KLiρ

)
,

where JL ρ ≡ L ρL† , KL ρ ≡ 1
2
(
L†L ρ + ρL†L

)
# Let Ktot �

∑
i KLi then

eKtottρ �
[
1 +Ktott + 1

2 (Ktott)2 + · · ·
]
ρ

� ρ + (Kρ + ρK)t + 1
2 (K

2ρ + 2KρK + ρK2)t2
+ · · ·

� eKtρ eKt (K ≡ 1
2

∑
i

L†i Li)

�⇒ eKt ÛρeKt
� −i

(
HKρK − ρKH†K

)
+

∑
i

JLi ,Kρ − eKt(Kρ + ρK)eKt

with ρK ≡ eKtρeKt , HK ≡ eKt He−Kt , Li ,K ≡ eKt Li e−Kt .
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Time Average Formalism for an Open System (Cont’d)

# Transformation 1 −→ decaying frame
dρK

dt
� −i

(
HKρK − ρKH†K

)
+

∑
i

JLi ,KρK .

# Observation: in many practical cases

[K, Li] � −γi ,KLi/2 for some constant γi ,K

then

Li ,K ≡ eKt Li e−Kt
� Li+[K, Li]t+

1
2! [K, [K, Li]]t2

+· · · � e−γi ,K t/2Li .

# Pseudo-time-evolution operator

U ≡ Te−i
∫ t

0 HK(t′)dt′

Also note that
U−1 � T̃e+i

∫ t
0 HK dt′ , U† � T̃e+i

∫ t
0 H†K dt′ , (U−1)† � Te−i

∫ t
0 H†K dt′ .
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Time Average Formalism for an Open System (Cont’d)

# Let ρU ≡ U−1ρK(U−1)† then
dρU

dt
� U−1 ÛρK(U−1)† + U−1i(HKρK − ρKHK)(U−1)† ,

# Transformation 2 −→ pseudo-rotating frame
dρU

dt
�

∑
i

U−1JLi ,KρK(U−1)† �
∑

i

Li ,UρU L†i ,U

�

∑
i

JLi ,UρU � JtotρU (Li ,U ≡ U−1Li ,KU, Jtot ≡
∑

i

JLi ,U )

ρU(t) � e
∫ t

0 Jtotdtρ0

� ρ0 +
∑

i

∫ t

0
dt1Li ,U(t1)ρ0L†i ,U(t1) +

1
2!

∑
i , j

∫ t

0
dt1

∫ t1

0
dt2

× Li ,U(t1)L j,U(t2)ρ0L†j,U(t2)L†i ,U(t1) + · · · .
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Time Average Formalism for an Open System (Cont’d)

# Up to 1st order of decay constants

ρU(t) ≈
(
1 +

∫ t

0
Jtotdt

)
ρ0 ≡ (1 +Jint) ρ0

# Return to ρK and take time average

ρK(t) � U(1 +Jint)ρ0U† ≡ E[ρ0] �
∑

k

Ek[ρ0]

# Expansion of Li ,U and Jint according to the order of HK

Li ,U � U−1Li ,KU

� e−γi ,K t/2{Li + [Li ,U1] + ([Li ,U2] −U1[Li ,U1]) + · · · }
≡ Li ,0 + Li ,1 + Li ,2 + · · ·

Jint �

∫ t

0
Jtotdt ≡

∫ t

0
JU

0 dt +
∫ t

0
JU

1 dt +
∫ t

0
JU

2 dt + · · ·

≡ J0 +J1 +J2 + · · · Page 17



Time Average Formalism for an Open System (Cont’d)

JU
0 ρ ≡

∑
i

Li ,0 ρL†i ,0 �

∑
i

e−γi ,K t Li ρLi

JU
1 ρ ≡

∑
i

(
Li ,0 ρL†i ,1 + Li ,1 ρL†i ,0

)
JU

2 ρ ≡
∑

i

(
Li ,0 ρL†i ,2 + Li ,1 ρL†i ,1 + Li ,2 ρL†i ,0

)
.

E0[ρ] � (1 +J0)ρ � (1 +J0)ρ,

E1[ρ] � J1ρ + U1(1 +J0)ρ + [(1 +J0)ρ]U†1 ,

E2[ρ] � J2ρ + U2(1 +J0)ρ + U1[(1 +J0)ρ]U†1
+ [(1 +J0)ρ]U†2 + (J1ρ)U†1 + U1(J1ρ),

F0[ρ] � (1 −J0)ρ,
· · ·
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Time Average Formalism for an Open System (Cont’d)

# Time-averaged master equation for ρK

i ÛρK(t) � i ÛE[ρ0] � i ÛE[F[ρK(t)]] � i
∞∑

k�0

k∑
j�0

ÛEj[Fk− j[ρK(t)]]

≡
∞∑

k�0
Lk[ρK(t)],

L0[ρ] � iJU
0 ρ (, 0) ,

L1[ρ] � HKρ − ρH†K ,

L2[ρ] � HKU1ρ + HKρU†1 −U1ρH†K − ρU†1 H†K

+ HK(J1ρ) − (J1ρ)H†K
· · · .
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Time Average Formalism for an Open System (Cont’d)

# Time-averaged master equation for ρ

i Ûρ(t) � −i
∑

i

KLiρ + e−Kt
(
L0[ρK] +L1[ρK] +L2[ρK]

)
e−Kt

� i
∑

i

(
JLiρ −KLiρ

)
+ [H , ρ] + HŨ1ρ + HρŨ†1

− Ũ1ρH − ρŨ†1 H + H(J̃1ρ) − (J̃1ρ)H

� [Heff , ρ] + i
∑

i

(
JLiρ −KLiρ

)
+

{ 1
2 (A − A†), ρ

}
+ HρŨ†1 − Ũ1ρH† + H(J̃1ρ) − (J̃1ρ)H†

where Heff is the same as before with A ≡ HŨ1 , A† ≡ Ũ†1 H,
Ũ1 ≡ e−KtU1 eKt , and J̃1ρ ≡ e−Kt(J1ρK) e−Kt .
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Time Average Formalism for an Open System (Cont’d)

# Another assumption for time average process

OK � eKt O eKt ≈ eKt O eKt for a generic operator O

(A decay process is relatively slower than any other
oscillatory process.)

# Master equation up to 2nd order of Hamiltonian (and up to
1st order of decay constants)

i Ûρ � [Heff , ρ] +
∑

n

DLn ,L†n
ρ +

∑
m ,n

2
ω̃−mn

[
Dlm ,l†n

ρ − Dl†m ,ln
ρ
]

+ H(J̃1ρ) − (J̃1ρ)H,

with eKt hn e−Kt � hn e−
δn
2 t , ω̃n≡ωn + i δn

2 ,
1

ω̃±mn
≡ 1

2

(
1
ω̃m
± 1

ω̃∗n

)
,

and
Heff ≡ H0 +

∑
m ,n

1
ω̃+

mn
[lm , l†n].
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EXAMPLES



Example: 2-level system

# Hamiltonian & decay operator

H � he i∆t + h†e−i∆t ,

h �
Ω
2 |1〉〈2| , L �

√
γ |1〉〈2|

# Relation between decay operators

[ 12 L†L, L] � γ
2 L

�⇒ HK � he i∆̃t
+ h†e−i∆̃t , ∆̃ ≡ ∆ + iγ/2

U1 �
1
∆̃

(
−he i∆̃t

+ h†e−i∆̃t
)
− 1
∆̃

(
−h + h†

)
,

Ũ1 �
1
∆

(
−he i∆t

+ h†e−i∆̃t
)
− 1
∆̃

(
−heγt/2

+ h†e−γt/2
)
.
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Example: 2-level system (Cont’d)

# Effective master equation (ME)

i Ûρ � [Heff , ρ] + DL, L†ρ + H(J̃1ρ) − (J̃1ρ)H

Heff � − Ω2∆

4∆2 + γ2 σz
γ�0
−−−→ −Ω

2

4∆σz (ac-Stark shift)

H(J̃1ρ) �
[
(J̃1ρ)H

]†
�

iΩ2γ

4∆2 + γ2
(
|2〉〈2| ρσz − |1〉〈2| ρ |2〉〈1|

)
with σz ≡ |2〉〈2| − |1〉〈1|.

# Plot of atomic polarization
ρz ≡ 〈σz〉

(blue solid: original ME,
red dashed: effective ME)
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Example: 3-level (Raman) system

# Hamiltonian & decay operator

H � h1e i∆1t
+ h2e i∆2t

+ h.c.,

hi �
Ωi

2 |i〉〈3| , Li �
√
γi |i〉〈3|

# Relation between decay operators

[(L†1L1 + L†2L2)/2, Li] � (γ/2)Li (γ ≡ γ1 + γ2)

# Effective Hamiltonian

Heff �

∑
i

Ω2
i∆i

4∆2
i + γ

2
(|i〉〈i | − |3〉〈3|)

+

[
(∆1 + ∆2)Ω1Ω2

8(∆1 − iγ/2)(∆2 + iγ/2) |1〉〈2| e
i∆12t

+ h.c.
]
.

�⇒ Agrees with a different approach (e.g., Reiter & Sørenson).Page 25



Example: 3-level (Raman) system (Cont’d)

# Expectation values of populations: ρii � 〈i | ρ |i〉
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Example: 4-level double-Λ system

Page 27



SUMMARY AND OUTLOOK



Summary and Outlook

# Advantages over adiabatic elimination
◦ easy and simple to use
◦ need no knowledge of levels to be removed
◦ provide infinite hierarchy in principle
◦ An initial state can have excited state populations.

# Still lengthy and tedious algebra for higher order calculation
−→ Numerous terms appear in 4th order perturbation.

# Other approaches to be considered
◦ Nonequilibrium funtional integral (insensitve to operator

ordering) + RG (successive flow approximation)
◦ Extending flow equation approach to an open system
◦ Machine learning for numerical quantization
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