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APPROACHES TO EFFECTIVE DYNAM-
ICS




O Different time scales of dynamics

o rapidly vs. slowly evolving components with large
difference in time scales

o Fast variables follow adiabatically slow degrees of freedom.
(e.g. spinning top: While it is spinning at a high frequency,
the rotation axis is usually precessing much slower. )

O Simpler (and more intuitive) description

o smaller dimension of Hilbert space
(e.g. (3-level) A system — effective 2-level system )

o often possible to derive simple laws for slow variables when
the scales are well separated

o might be useful for gaining insight into gating operation or
state engineering

O Less computational burden
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Formalisms for Effective Dynamics

O Adiabatic elimination (AE)

o Standard technique Gardiner & Zoller (2000)
o Sometimes tedious step of calculation in store
O Effective operator formalism Reiter & Serensen (2012)

o Easy-to-use AE for open systems
o Only ground state manifold is maintained.

O Flow equation (FE) approach Kehrein (2006)

o Aalogous to renormalization group procedure
o Not yet developed for open systems

O Time average (TA) formalism Gamel & James (2010)

o Easy-to-use generalization of RWA
o Analogous to FE in sense of not eliminating excited states
o Developed for open systems in this work
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Comparison of Formalisms

O In view of Hilbert space transformation Kehrein (2006)

o -

O Classification
(@ — Remove high
energy sector

(Renormalization
group (RG), adiabatic
elimination)

@ — Narrow energy

. - ‘
\\\\\X an ow equation

H

(FE), time average)

initial

Fig. 1.1. Schematic view of different scaling approaches: (a) Conventional scaling

methods successively reduce the high-energy cutoff Arc. (b) Flow equations make (RG, FE — successive

the Hamiltonian successively more band-diagonal with an effective band width Ageq

transformation)
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TIME AVERAGE FORMALISM FOR
CLOSED SYSTEMS




Time Average Formalism Gamel & James (2010)

O Time average of an oper. ator

o) = / Cdt (- £)0()  [or Ow) = f(@)0w)]

O Gamel’s time average: f(w) ~ O(w. — |w|)

exiont =) exilwm+wn)t = 0, exilwm—wn)t = eii(w,,,—(u,,)t
7
(set we s.t. |wm — wy| < we < Wy for any wy,, wy)

O Rotating wave approximation (RWA)
= Time average with sharp cutting-off

HRabi ~ (ae‘i“’t + a*eiwt)(a_e—iwot + O+€iw0t)

— a0+e—z(a)—a)0)t + [Z+O_€l(w_w0)t + ug_e—l(a)—m)o)t + a‘ra+el((u+(u0)t

<. HRabi ~ ac,e (0700t 4 gt g pil@=wot (5 o)
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Time Average Formalism (Contd)

O Other time average method: f(w) ~ exp(—w?/w?)
= smooth frequency filtering [Wang & Haw (2015)]
= The counter-rotating terms can survive but the
dynamics is now dependent on w..

O von Neumann equation and its solution

dp/dt = —i[AH(t), p] = p(t) = U(t) p(OU(¢)

(A: a (real) bookkeeping paramerter (later becomes unity))
O (Unitary) Time evolution operator

H t ’ ’
ut) = T~ Jy Bt (T: time-ordering operator)

t t 1
=]- ZA/ dtlH(tl) + (—ZA)Z / dt1/ dty H(tl)H(tz) + -
0 0 0

= I+Aul(t)+/\2UQ(t)+ Page 8



Time Average Formalism (Contd)

O Inverse of the time evolution operator

~ ; t ’ ’ ~
utthy=u'@) = Ferify HHt (T: anti-time-ordering operator)

t t f
:1+m/ dtlH(t1)+(i/\)2/dt1/ dtr H(t))H(t) + - - -
0 0 0
=T+ AUS(t) + A2Ul(t) + -
O Useful properties
U= Uy, Uf=U2—Us, ill(t) = HOUyr (1), -

O Time-averaged evolution operator

00 k
p(5) = U(H) poll’(t) = ) A* )" Up-jpoll}
k=0  j=0

= Z €[po]l  (po=p(0), € =1)
k=0
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Time Average Formalism (Contd)

O Inverse of time-averaged evolution operator

po=€pl=F[p ZAkGJk[p

O Identity relation: F[8[p]] = ;20 AF X5 Fi[&jlp]] = p
= Fo=%=1, F1=-6, F=%-%,

O Time average of von Neumann eq.
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Time Average Formalism (Contd)

O Time average of von Neumann eq. (Cont’d)

Lolp] = iG[Folp]] = 0,
#[p] = iG[F[pl] + i€ [Folpll = [H, pl,

e S (S
where AB = AB-AB, ApB=ApB-ApB.

O Master equation up to 2nd order
. 1 + S _
ip = [Het, p] + {3(A = A"), p} + HpU] - U1 fpH,

1 1 —
[A=HU;, A'=U/H,and Heg = H + 3(A + A") |
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Time Average Formalism (Contd)

O Typical form of (interaction) Hamiltonian

H=Hy+ Z hye'@nt + hZe_i‘”"t (Hp : time-independent)

O Time-averaged master equation = Lindblad form!

Lll, il —
Zp [HOIP]+Z w /P

m

2 —t gt
+a)‘ (Luply, + 1, pln)

== [HEﬁ:’ 5] + Z F [glnul;ﬁ N %l;wlnﬁ]
m,n mn

where D,5p = ApB - J(ABp + pAB), -k = 1 (L = L),

I, = hye'®t | and

1
Hef = Ho + Z wT[lm I
mn Ymn
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TIME AVERAGE FORMALISM FOR
OPEN SYSTEMS




Time Average Formalism for an Open System

O Lindblad form of master equation in an open system
d .
d_‘? = _Z[H/ P] + Z (jL,‘,D - %L,-P) ’
i

where . p=LpLt, H p=1(L'Lp+pL'L)

O Let Hiot = 2; K1, then
e%“’ttp = [1 + %tott + %(%tott)z + - ] P

p+(Kp+ pK)t + 2(K*p + 2KpK + pK*)t* + - -

eKip ekt (K = % Z L;Li)
;

= eKlpekt = —i (HKpK - pKH;Q) + Z Fi,cp — e (Kp + pK)eX!

with pg =efpeXt, Hx = eXHe™, L; x = X' Lie™ .
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Time Average Formalism for an Open System (Contd)

O Transformation 1 — decaying frame

dtl;% =— (HKPK - pKHIJQ) + Zl: JLik PK-

O Observation: in many practical cases
[K, Li] = =yixLi/2 for some constant y; g
then
Lix =eKLie X = Li+[K,Li]t+%[K, [K, Li]]t2+- - = e Vikt/2L;.
O Pseudo-time-evolution operator
U= Te_ifot Hy(t)dr

Also note thérlt r t
u-l = Te+if0 HKdt” ut = Te+i/0 H};dt” (u_1)+ _ Te—z’fo H}th’.
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Time Average Formalism for an Open System (Contd)

O Let py = U pg(U™H! then
P P

d p u
dt
O Transformation 2 — pseudo-rotating frame

d
pu Zu 15L,KPK(U 1)+ ZLlupuLzLI

= Z Fupu = Fotpu  (Liu = U'LixU, Fior = Z Jriu)

= U pr(U™H" + U ti(Hkpx — pxHr)(U ™),

pu(t) = eh ot pg

t 1 t 5]
= po + Z‘/O dtiLiu(t)poL] (k) + 5 Z /0 dtl/o o

X Li,u(tl)Lj,U(tZ)PoL u(fz)L ult) + -
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Time Average Formalism for an Open System (Contd)

O Up to 1st order of decay constants

t
pul(t) = (1 +/ 5totdt) po = (1 + Fint) po
0
O Return to px and take time average

() = UL+ Findpol’ = Elpol = > %ilpol
k

O Expansion of L; ; and fint according to the order of Hx
Liu=U"LixU
= e VK21 + [Li, Uh] + ([Li, Up] = Uh[Li, Ur]) + -+ }
=Lijo+Lix+Lip+---

t t t t
Fint = / Frotdt = / foudf +/ 31udt +/ jzudf + -
0 0 0 0

=h+h+th+-- Page 17



Time Average Formalism for an Open System (Contd)

u, — t Vi . )
Fop= ZLi,O pLig = Z e VK L; pL;
i i

u, — t t
hp= Z (Li,O PLii+Liy PLi,o)

1

u, = + T t
P p= Z (Li,O pLi, +LiipLiy +L;, PLi,o) :

Blpl = (1+ Jo)p = (1 + fo)p,

Gilpl = Fip + Ui (1+ Fo)p + [(1 + Fo)plUT,

Glpl = Fop + Ua(1 + Fo)p + Ur[(1 + Fo)plU]
+ 11+ J)pIU} + (Fp)U! + Wi (Fip),

Folpl = (1 - Fo)p,
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Time Average Formalism for an Open System (Contd)

O Time-averaged master equation for p

oo k
iPlt) = ilpol = i8[F PN =1 ) > EilTFs [pi(t)]

= > Alpy(t),

k=0
Lolpl =i%y'p (+0),
<i[p] = Hkp — pHE,

— A P e Y .
Dlpl = HxUyp + HxpU; — UypHy — pU Hy

1 |_|+
+ Hg(Hp) — (Ap)Hy
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Time Average Formalism for an Open System (Contd)

O Time-averaged master equation for p

i) = =i . Hu,p + e (L[] + Ll + LalpilJe™

. N e R e
= ZZ(jLiP_%LiP) +[H,pl+HUip + HpUj

— o
- UipH - pU{H + H(%p) - (ip)H
= [Hett, p1+i ), (J:p = Hup) + {3(A - A), p}

1

,TINT ~,'T|+ ,_'l_ “,Tlf
+HpUy - UipH" + H(%1p) - (5ip)H

1 o
where Heg is the same as before with A = HU;, At = UI H,
Uy = e XUy eXt, and Hip = e K (i) e X
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Time Average Formalism for an Open System (Contd)

O Another assumption for time average process
Ok = eKtO eKt ~ X0 e*!  for a generic operator O

(A decay process is relatively slower than any other
oscillatory process.)

O Master equation up to 2nd order of Hamiltonian (and up to
1st order of decay constants)

5 =171+ 391130+ 3 g [P~ 7]

— 1
+H(%hp) - (hp)H,

. _ _ony . 5
with eXth,e Xt = e zt,wnzwn+z%”,dﬁ =1
and




EXAMPLES



Example: 2-level system

O Hamiltonian & decay operator _17— |2)
H = heidt 4 pte-iat - “A““'"
h =2 1X2], L =7 1X2| Q g

O Relation between decay operators —1)

+ _7
[FL'L,L]=5L

— Hg = he'dt 4 h+e_i5t, A=A+ iy/2

| —

Uy = % (—hem + h+e_i5t) _ 2 (—h + h*) )

B = B>

0, = 1 (_heiAt n h+e—z‘At) _

(—hth/Z + h+e_Vt/2) .
A
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Example: 2-level system (Contd)

O Effective master equation

(ME)

L _ 1 I
ip=[Het, pl+Dp,+p+H(EP) - (Hp)H

oo A y=0
TN 2T T
—1 1t 10257

H(%D) = (7o) H| = ——~£
519) = [GpH| = 7

with g, = |2X2]| — |1X1].

O Plot of atomic polarization
pz = (0z)
(blue solid: original ME,
red dashed: effective ME)

= 0, (ac-Stark shift)

(12X2] po- — [1X2] 7 12X1])

A=1,Q0=0.2, y=0.2

-05

-0.7

Pz

-0.8

-0.9

-10




Example: 3-level (Raman) system

= ) 3)
O Hamiltonian & decay operator Ay SN A

R VY.
\

: : ,'/ /72\‘\ Qg
H = hie™* + hpe'™t + hee, o) im \ \

Q; . .
hi=SHX31, Li= LX)
O Relation between decay operators

[(LYLy + LILy)/2,Li] = (y/2)Li (y = y1+72)

O Effective Hamiltonian
2 A

Q
Hett = Z W 5 (iXi1 = 13%3)

(A1 + AZ)Q1Q2
8(A1 =iy /2)(Ax + 1y [2)
= Agrees with a different approach (e.g., Reiter & S;arenson),[)age 2

+

11}2] e?2f + h.c.|.




Example: 3-level (Raman) system (Contd)

O Expectation values of populations: p;; = (i| p |i)

A1=1.0, A=1.1, 0;=0.0, Q;=0.2,¥1=0.1,y2=0.1 £4;=1.0, A>=1.1, 0;=0.0, Q;=0.2,y1=0.1,y2=0.1

0.950

0.0550
0525 £.0525
0.0500
0940
- o 00475
— o
Q Q. coaso
0935
0.0425
0930 00400
00375
0925 T T T T T T T T T T T T T T T T T T
00 25 50 75 108 125 150 175 200 00 25 50 75 100 125 150 175 200

vt

yt

A;=1.0, A;=1.1, 01=0.0, 0=0.2,y1=0.1,y2=0.1

P33

0.035

0030

0025

0020

0015

0010

0.005

0.000
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Example: 4-level double-A system

A31=1.0,

A3;=1.0, A31=1.0, A42=1.0, Q=0.

2,y=01

2,y=01

A31=1.0, A3;=1.0, A4;=1.0, A4=1.0, 0=0.2, y=0.1

005
005
oot

o

8 o

002

001

A31=1.0,

2,y=0.1
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SUMMARY AND OUTLOOK



Summary and Outlook

O Advantages over adiabatic elimination

o easy and simple to use

o need no knowledge of levels to be removed

o provide infinite hierarchy in principle

o An initial state can have excited state populations.
O Still lengthy and tedious algebra for higher order calculation

— Numerous terms appear in 4th order perturbation.

O Other approaches to be considered

o Nonequilibrium funtional integral (insensitve to operator

ordering) + RG (successive flow approximation)
o Extending flow equation approach to an open system
o Machine learning for numerical quantization
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